ON THE EXISTENCE OF
GOOD STATIONARY STRATEGIES

BY
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Introduction. A gambler’s problem, as formulated by Dubins and Savage in
[6] consists of a set F of fortunes, a bounded utility function u on F to the real
numbers, and, for each fin F, a set I'(f) of gambles (finitely additive probability
measures defined on all subsets of F). A strategy o available in the gambling house
I’ at the fortune f is a sequence oy, 0;, ... where o, € I'(f) and, for each positive
integer n, o, is a gamble-valued function defined on Fx Fx --- x F (n-factors)
such that o,(f1, ..., fz) € I'(f;) for each partial history (f3, ..., f,). The strategy o
may be regarded as a probability measure on the infinite product H=Fx Fx - - -
and o,(f3, ..., fn), as the conditional o-distribution of f, ., given the first n co-
ordinates are (f;,...,f,). A gambler with fortune f chooses an available strategy
o and a stop rule ¢ and gets a return (o, ), the expected value of u(f;) under o.
By U(f) is denoted the sup u(o, t) taken over all available ¢ and stop rules .
U() is the best a gambler with fortune f can do.

If a gambler using the strategy o is not allowed to terminate play, he receives
u(o)=lim sup;_, , u(s, t). V(f) is the sup u(o) taken over all strategies o available
at f. If T is leavable, that is, if the one-point gamble 8(f) is in I'(f) for all £, then
V="U [6, Corollary 3.3.2, p. 42].

A strategy o is said to be stationary if there is a gamble-valued function ¥ on
F such that o,(f3, ..., f,)=y(f;) for all n>0 and each partial history (f3,...,f,).
A family of strategies & is a function on F such that 5(f) is a strategy for each f.
A family of strategies & is stationary if there is a gamble-valued function y on F
such that, for each f, a(f)o=%(f) and, for each partial history (fi,...,f,),
(Nu(f1s - - - So)=7(f). We write y* for the family &.

Dubins and Savage in [6] raised the question whether stationary families of nearly
optimal strategies are available in any leavable gambling house. In particular,
they showed that if F is finite and I' is leavable, then, for any ¢>0, there is a
stationary family y* available in I" whose utility u(y=(f)) exceeds V(f)—e for all
fin F [6, p. 58]. Donald Ornstein has extended this result to the case when F is
countable and all gambles are countably additive [10, Theorem B]. The theorem is
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not true if Fis uncountable and Ornstein has given a counter-example in which all
gambles are countably additive and have countable support [10, Theorem Al].
A result obtained here states that, in every leavable gambling house, there is
available a stationary family whose utility is within ¢ of the best a gambler can do
when restricted to a fixed finite number of bets (Theorem 1.1). This result, together
with techniques borrowed from [1], [2], [3], and [12], enable me to treat the problem
in a Borel measurable setting and establish Theorem 2.3.

Unless otherwise indicated, the terminology and notation of this paper are
intended to have the same meaning as in [6].

1. Stationary strategies are enough if U,=U. For I a leavable gambling house,
U,(f) is defined as in [6] to be the sup u(o, t) over all strategies o available at fin
I and stop rules t<n.

THEOREM 1. Let T be a leavable gambling house, n be a positive integer and > 0.
Then there is a stationary family y* available in T satisfying

M u(y*(f) 2 Un(f)—e

for all fin F. Moreover, vy may be chosen so that, for each f, the y*(f)-probability
that y*(f) stagnates by time k converges to 1 as k approaches .

Proof. Let 0=¢y<e; < - - <e,=e. And define
W(f) = max [Udf)~—exl-

Here Uy=u.

If W(f)=u(f), let y(f)=8(f).
If W(f)>u(f), choose some k for which W(f)=U,(f)—ec. Then choose y(f)
in I'(f) so that

Y(f)Uk—l 2 Uk(f)—“
where

o« =% min (e, —e,_;).
1Zk=n

Then
YOW 2 Y(f)Ui-1— -1

2 Udf)—Hex—en-1)—x-1
= W(f)+3i(er—er-1)
2

W(f)+e.

To prove (1) it suffices to show u(y*(f))= W(f) for all f. This is obvious if
u(f)=W(f). If u(f) < W(f), the desired result follows from the two lemmas below.
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LEMMA 1. Let W be any bounded, real-valued function defined on F and let (o, t)

be any policy. Then, for all f,

#) W(o,t) = W(f)+f[£o+€1(ﬁ)+ < temy-1(f1s - - Srm—1)] do(h)

where

h= (fI’fZa”-)9 g9 = oW — W(f)9

and, for each nonnegative n,

en(fls . . wfn) = on(fla .. "fn)W_ W(fn)

Proof. The proof is by induction on the structure of f;. [Jj
For any strategy o and history h, denote by #,(h) the time at which ¢ stagnates
along h. t, is a (possibly) incomplete stop rule [6, p. 44].

LEMMA 2. Suppose W is a bounded, real-valued function on F and o>0. Let o
be a strategy such that, for every partial history (fi,...,f,), either u(f,)=W(f,)
and o stagnates at time n along (fy, ..., fn,...) or o,(f1, .. ., f)WZ W(f,)+a. Then

3 ue) 2 W(o) 2 W(f)
and oft,<n] — 1 as n — co.

Proof. If ¢, is defined as in Lemma 1, then ¢,20. By (2), W(o, t)= W(f) for
every stop rule ¢t. Hence, W(a)= W(f).
Now let B=sup |W|. By Lemma 1,

2B 2 W(o, n)— W(f)

- f leotes(f)+ - +enoslfis - fo-1)] dolh)

b f no do = naoft, Z nl.
[t,2Zn)

Hence, o[t,2n]<2B/ne— 0 as n — oo.
Also, if t=n,

W(o, t)—u(o, 1) = f [W(f) —u(fy)] do

N J;t 2t) [W(f;)—u(f;)] do

=< f 2B do
[ty Zn]

4B2
s—-—>0 asn—>oo. [ |

This completes the proof of Theorem 1.
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Since U,(f)=sup, U,(f), an immediate corollary is

COROLLARY 1. If T is leavable, ¢ >0, and f in F, then there is a stationary family
y® available in T such that u(y*(f))2 U,(f)—e.

The corollary is of interest since in many important cases U,= U [6, Theorem
2.15.5, p. 35].
The technique used to prove Theorem 1 can be modified to give

THEOREM 2. Suppose I' is leavable, n is a positive integer, 0<a <1, and uz0.
Then there is a stationary family y* available in T satisfying

@ uly*(f)) 2 «Ux(f) for all fin F.

An example shows that the strategies y*(f) cannot be chosen so as to stagnate
‘““almost surely” as they were in Theorem 1.

EXAMPLE. Let F={0, 1, 2,...}; I'(0)={8(0)}, I'(n)={8(n), p,8(n+1)+(1—p,)8(0)}
for n>0 where 0<p, <1 and their product p,p, - - is strictly positive; u(0)=1,
u(n)=0 for n>0. Any stationary strategy which satisfies (4) must have y(n)# 8(n)
for n>0 and hence y®(n) never stagnates with probability p,-pp.1---.

2. Measurable gambling houses. Let X be a Borel set, which in this note means
a Borel subset of a complete separable metric space. Let Z(X) be the o-field of Borel
subsets of X. Denote by 2(X) the set of all countably additive probability measures
on #(X), and let Z(X) be the smallest o-field of subsets of #(X) which makes
p — p(B) a measurable function of p for each B in #(X). Then #(X) is a Borel
set with Borel subsets X(X) (Dubins and Freedman, [5]).

LEMMA 1. Let X and Y be Borel sets, C a measurable subset of the product
Xx Y, and  a measurable function from X to Y. Then {x : (x, ¥(x))e C} is a
measurable subset of X.

Proof. The map x — (x, y(x)) is measurable from Xto Xx Y. |}

Roger Purves pointed out this proof to me.

Lemma 1 will be applied several times without specific reference.

Now let X and Y be Borel sets and p e Z(X x Y). Let p, be the p-marginal
distribution of x and let p, be a version of the regular conditional p-distribution of
y given x. Notice p, is a measurable map from X to #(Y) and, if ¢, is any other
version of the regular conditional p-distribution of y given x, then p,(x)=g¢,(x)
Po-almost certainly. Thus there is a natural map ¢: Z(X x Y) — P(#(Y)) given by

$(pNA) = poix : pi(x) € 4}
for pin (X x Y) and A4 in 2(Y).

LEMMA 2. ¢ is measurable.
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Proof. We need to show p — ¢(p)(4) is measurable in p for each A in Z(Y).
It is enough to consider 4 of the form {p : p(B)>r} where B is in #(Y). Hence, it
suffices to show p — [ (p,(x)(B)) dpo(x) is measurable for B in #(Y) and ¢
continuous on [0, 1].

Let 27, be a finite o-field of subset of X for n=1, 2,... and choose the %, so
that their union generates #(X). Denote by p™(x) the conditional p-distribution of
y given &, It is easy to see that p — [ $(p™(x)(B)) dpo(x) is measurable in p. Since
p"(x)(B) — p1(x)(B) po-almost certainly, as the martingale convergence theorem
implies, the proof is complete. [Jj

COROLLARY 1. Let C be a measurable subset of X x P(Y). Then the map p —
Poix : (x, p1(x)) € C} is measurable from P(X x Y) to the Borel line.

Proof. Apply Lemma 2 to prove the case of C a measurable rectangle and extend
to arbitrary measurable sets. [JJj

According to Strauch [11], a gambling house I is measurable if F is a Borel set,
every gamble available in I is countably additive when restricted to #(F), and the
set I''={(f, y) : vy € I'(f)} is a measurable subset of Fx Z(F). Each gamble y is
identified with its restriction to %(F). In this section, the utility function u is
assumed to be bounded and measurable from F to the Borel line.

Let F*"=Fx Fx --- xF (n-factors). A measurable strategy o is a sequence
Go, 01, ... Where o, is in #(F) and, for n>0, ¢, is a measurable map from F"
to Z(F). The finite sequence oy, ..., 0,_,, or o for short, is a measurable n-day
strategy. Any measurable strategy o determines a probability measure p(c) on
the Borel subsets of H, where H=Fx Fx - - - is given the product Borel structure.
Specifically, the p(o)-distribution of f; is o, and, for n>0, the conditional p(c)-
distribution of f,., given (fi,...,f,) is o,(f1,..., /). Similarly, a measurable
n-day strategy o™ determines a probability measure p(o™) on Z(F™). We sometimes
write o for p(c) and o" for p(c™) if there is no danger of ambiguity.

For n>1 and fin F, let I'*(f) be the collection of all p(c™) where ¢" is a measur-
able n-day strategy available at fin I' and set

" ={(f,p) e FxP(F") : pe T(f)}.
Define I'*(f) to be all p(s) where ¢ is a measurable strategy at f and define I'® by
analogy with I'".,
When T is nonleavable, it may happen that there is no measurable map « from
F to 2(F) such that «(f) € I'(f) for all f (see p. 16 of [9]). In this case, I'" is empty
for n>1.

THEOREM 1. '™ is a Borel subset of Fx #(F™) for n=1,2,... and I'* is a Borel
subset of Fx P(H).

Proof. By the remark above, we can assume that a measurable selector « does
exist. Then

) 2 = {(fi p) e FXP(F?) : po € T(f), polfi : p1(f1) e T(fD)} = 1}
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where p,(f,) is a regular conditional p-distribution of f, given f;. For if (f; p) is
in the right hand set, let oo=p, and

ai(1) = () if pu(f1) e T(SD),
= o(f)) if pu(f) ¢ T(S).

Let 02=0,, o,. Plainly, o% is a 2-day strategy available at f and p(o?)=p. Hence,
(f, p) € I'2. The opposite inclusion is obvious. By (1) and Corollary 1, I'? is measur-
able.

Similarly, for n>2,

I = {(f, p) € FXP(F") : po € U(f), po{/1 : Pu-2(f) €T} = 1},

where p,_,(f;) is a regular conditional p-distribution of (fs,...,f,) given f;.
Using induction and Corollary 1, we have proved the first half of the theorem.
Since

I ={(f,peFx2?H): (f,p)el",n=12,...}

where p, is the p-marginal distribution of (f;, . .., f;), the proof is complete. [Jj
Now let

0.(f) = sup [u(f)dp
pel™(f)

for fin Fand n=1, 2,....
Recall that a function is absolutely measurable if it is measurable with respect
to the completion of every measure on the Borel sets.

THEOREM 2. Let T' be a leavable, measurable house. Then Q,=U, and U, is
absolutely measurable for n=1,2,....

Proof. The set {f: Q,(f)>r} is the projection of the Borel set

{(f,p)eF" : fu(ﬂ.) d > r}

for any real r. Hence, it is analytic and, therefore, absolutely measurable [7, p. 391].
Now Q,=U,. Assume inductively that Q,=U,. Let ¢>0 and f; € F. It suffices

to show Q, . 1(fo) > Uy +1(fo) —e.
Choose a4 in I'(f;) such that 6oQ,=0,U,> U, ,(fy) —¢/2. Let

s={tper: [uh > v.oH-ei2}

By Theorem 6.3 of [8], there is a measurable map & from F to #(F") such that
oo{f: 6(f) e S;}=1. Define a measurable n+ 1-day strategy o available at f; to
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have initial gamble o, and conditional n-day strategies o[f;] satisfying p(c[f])
=5(f) if 6(f) € S;. Then

On+1(fo) Z u(o, n+1)
=f%mwmvmmn

> f U, dog—¢/2

> Upya(fo)—e. n

COROLLARY 2 (STRAUCH [11]). If I is a measurable house, then U is absolutely
measurable.

Proof. We can assume without loss of generality that I' is leavable. Since the
U, are absolutely measurable U= U, =lim,_,, U, by Theorem 2.15.5(g) of [6]. [}

A policy (o, t) is measurable if o is a measurable strategy and ¢ is a stop rule
measurable with respect to the product o-field on H. Strauch asserted in [11] that
nearly optimal measurable policies are available in any measurable house T.
That such policies are available for leavable I', even with #’s of the form r=n,
follows from Theorem 2. It is not difficult to show that good measurable policies
are available in any measurable house for which there is a Borel map «: F — 2(F)
with «(f) in I'(f) for all f. If there is no such map, then, as was pointed out in the
remark preceding Theorem 1, there are no measurable strategies available. How-
ever, there do exist nearly optimal measurable policies (o, ¢) such that o is available
in I" until time ¢. That is, for every partial history (f3, . . ., ), oa(f1, - - -, fu) € T(f2)
if ¢(f1,...,f; ...)<n. This can be derived by passing to the leavable closure and
using Theorem 2 or the next theorem.

A stationary family y® is measurable if y is a measurable function from F to
P(F). The rest of the paper is devoted to proving

THEOREM 3. Let I' be a leavable, measurable gambling house on F. Then for each
countably additive probability measure p on the Borel subsets of F and each ¢>0,
there is available a measurable stationary family y* such that

p{fuy>(f) 2 U(f)-—-¢ = 1.

Theorem 3 and the methods used in its proof owe much to previous work in
[1], [2], [3], and [12].

An example of Strauch [11] shows that U need not be Borel measurable. The
same example therefore shows that Borel measurable stationary families which are
everywhere e-optimal need not exist.

3. Three lemmas. This section is devoted to three lemmas which are needed
in the sequel.
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The first lemma formalizes an idea used by Donald Ornstein. Let ¢ be a strategy
available at f in some gambling house I'. For each history h=(fi, f5,...) and
positive integer n, let p,(h)=(f1, /3, - - -, /o) denote the n-day partial history. Then
define a (possibly) incomplete stop rule 7, to be the first time the gambler reaches a
fortune at which the conditional o-strategy is not e-optimal. That is,

t:(f1, f2, . . .) = least n (if any) for which u(c[p,(h)]) < V(f,)—¢
= o0 if no such n exists.

LEMMA 1. Let ¢>0 and t be any stop rule. If u(o) > V(f)—¢€?, then o[t =t]=<e.

Proof. One can check that the set [, <] is determined by time ¢ A, and is thus
finitary [6, p. 15].
According to formula (1) [6, p. 42]

u(o) = f u(olpins,]) do
- [ uolpddo+ | wtolmDdo
[te>t] {ts =t}

= J.[t,>t] v da+J;t5§¢] V(f,)—e) do

IA

f V(fins) do—eolt, < 1]
V(f)—eo[t, £ t].

The last inequality is, of course, because V is excessive for I' [6, p. 41].

Since u(o) > V(f)—&* by assumption, the proof is complete. i

Suppose now that a gambler with fortune f uses a strategy o until some time ¢'.
And having experienced a partial history p,.(h)=(f1, f2, - - .» femy) he then changes
to a new strategy o’(pya,). One might expect if ¢ is a nearly optimal strategy and
if the strategies o’(p) are nearly optimal that this new composed strategy is also
nearly optimal. The next lemma shows that this expectation is fulfilled.

Let o be a strategy and ¢’ be a function from partial histories to strategies. If
t' is any (possibly) incomplete stop rule, define a new strategy & called the composi-
tion of o with o’ at time t' by letting 6,(f, ..., fy) be o,(f1, ..., [a)s o0(Pray), OF
on_va(Pray)Sfeam +1, - - -) according as n is less than, equal to, or greater than
t'(h) (cf. [6, p. 22]).

LEMMA 2. Let o be available at fin T and o'(f,, . . ., f,) be available at f,, in T for

each partial history (fy,...,f,). Suppose u(o)>V(f)—e® and u(o'(fy,. .., )
> V(f,)—¢' whenever t'(f1, fo, ..., fu,...)=n. If G is the composition of o with o'
at time t', then

IIA

u(o) 2 V(f)—(2+eM+¢')
where M =sup {{u(f)| : f€ F}.
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Proof. Let ¢ be any stop rule. It suffices to find a stop rule 72 ¢ such that
u(@G, i) 2 V(f)—(2+eM+¢).
Since u(o) > V(f)— <%, we can find a stop rule ¢, = ¢ with

oth : u(fym) > V(fumw)—et 2 1—e.
And for each 4 such that ¢'(h) <oo, we can find a stop rule #(p;,) with

t'(D)+t(pra)femy+ 1 fray+as - - -) 2 t(h)
and
u(a'(pra)s t(pray)) > V(fem)—¢'
Define
i(h) = t,(h) if t,(h) < t'(h),
= t'(N+t(pra)frm+1,---)  if i(B) > t'(h).
Then =t and

G, i) = f u(fy) do

= [ _ e+ f u(@'(pe), H(py)) do
ity St t]

[t1>

1\

f V(fi,) do—eM+ f V() do—¢
[t1 St)

t1>t]
V(o,t, A t)—eM—¢
V(f)—e?—eM—¢. |}

Let o and o' be strategies. For any nonnegative integer n, ¢ and o’ agree along
(fis -+ -sSfns--.) up to time n if oy=0y and oy (fy,...,fi)=0(fi,...,f,) for all
k=n.

Let g be a function on H and ¢ be a stop rule. g is determined by time t if whenever
t(h)=1t(h'), then g(h)=g(h") [6, p. 15].

LEMMA 3. Suppose o and o' are strategies which agree along every history h up
to time t(h) for a given stop rule t. If g is a bounded function from H to the real
numbers and g is determined by time t, then

fg do = fg do’.

Proof. The proof is by induction on the structure of g and uses formula 2.8.1

of [6,p.17]. R
If o and o’ are two strategies for which o, =0, then they stop agreeing at time £,
where £ is the (possibly) incomplete stop rule defined by

f(h) = least n (if any) for which o,(fi,...£;) # on(fis .., f2)
= oo if no such n exists.

v
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COROLLARY 1. Let o and o’ be strategies which stop agreeing at time f. If t is
any stop rule, then

€)) oft 2 {1 =o't 2 {].
And if g is any bounded function on H which is determined by time t, then
@) Ifgw—Jg@'

In particular,

= a[t

v

f])(sup g—inf g).

IA

|u(o, t)—u(o’, t)| < o[t 2 1(sup u—inf u).

Proof. (1) is immediate from Lemma 3. To prove (2), let

go(h) = g(h) if t(h) < i(h),
=0 ifeh) = ih).

Then g, is determined by time 7 A f. So by Lemma 3,

f &w=f g0 do’.
it<tl it<#

’fgdo—fgdo' = ‘f gda-—f gdds’
1zt (tzf

and (2) follows from (1). [}

Hence,

b

COROLLARY 2. Let o and o’ be strategies which stop agreeing at time f. Suppose
there is some 20 such that for every stop rule t, o[t=7)<e. Then

|u(e) —u(c’)| £ e(sup u—inf u).

4. Countably parametrized measurable houses. In proving Theorem 2.3, it is
convenient to consider first a house I' for which I'(f) is countable for each f
and then to reduce the general problem to this special case. So let us assume that
I' is a measurable gambling house defined on the Borel set F and that for each fin F

L(f) = {ro(f), v1(f)s - - -}

where yo(f)=8(f) and each y, is a measurable map from F to #(F). I' is called a
countable house for the sake of brevity. The utility function u is assumed to be a
bounded Borel function from F to the reals in this section.

THEOREM 1. If T is a countable house, then the functions U, for n=0,1,2,...
and U are Borel measurable. Also, U,=U.

Proof. U,=u is measurable by assumption. Suppose U, is measurable. The
maps f— v,(f)U, are measurable since the vy, are measurable functions. Hence,

lh+df)=sgpydfﬂh
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is measurable. By induction, U, is measurable for n=0,1,2,.... U,=lim U, is
measurable and, by Theorem 2.15.5(g) of [6], U,=U. |}
The next result is analogous to Theorem 7(a) of [2].

THEOREM 2. Let T be a countable house, n be a positive integer, and ¢>0. Then
there is a measurable stationary family y* available in T' such that

u(y*(f)) =2 U(f)—e forallfinF.
y may be chosen so that the map f— u(y*(f)) is Borel.

Proof. Construct y as in the proof of Theorem 1.1, using Theorem 1 of this
section to assure that y is measurable.
The functions u(y*(f), n) are measurable in f since

uly™(f), 1) = f u(f) d(filf)

and
uty=(f)m) = [ur=(,n=1) dt£il)

for n> 1. But y was constructed so that u(y>(f))=lim u(y>(f), n). I

LEMMA 1. Let ¢>0 and ¢ >0. If I is a countable house and p is any probability
measure on %(F), then there is available a measurable stationary family y* such
that f— u(y®(f)) is measurable and

P u=(f) > U(f)—¢} > 1-¢.

Proof. By Theorem 1, U, — U pointwise as n— co. Since the U, and U are
measurable, U, — U in p-probability. Choose n so that

P UL) > U(f)—ef2} > 1-¢.

Then choose y* by Theorem 2 so that u(y*(f))> U,(f)—¢/2 for all /. |}

To complete the proof of Theorem 2.3 for the case of I' countable, we adapt
some ingenious techniques due to Donald Ornstein. A similar adaptation was used
by Barbosa-Dantas [1] for the case of positive dynamic programming.

Let ¢>0 and assume, as we may, that 0Su=<1. Let ¢,, ¢,,... be small positive
numbers whose size will be specified later.

Choose y7° by Lemma 1 such that

P uyr(f) > U(f)—ef} > &
and define

Sy = {f:ulyr(f)) > U(f)—ei},

T, = {f:uly?(f)) > U(f)—ey}.



410 W. D. SUDDERTH [January

If f€ Sy, y©°(f) is a very good strategy even when the gambler is only allowed to
use it on the set T;. For example, if we set

71() = n(f), feT,
=8f), f¢T,
then
u#7(f)) = u(y(f))—e, whenever fe S,.
To see this, apply Lemma 3.1 and Corollary 3.2.
Now consider a new gambling house I'; given by
() = T() iff¢T,
= {n(N), 8(f)} iffe¢T,.

Notice T, is a countable gambling house and 7*(f) is available in T'; at any f€ S;.
Also, we have

LEMMA 2. Uy(f)2 U(f)—e, for all f€ F.

Proof. This is clear if f€ T,. Suppose f ¢ T;. Let ¢ >0 and choose a strategy o
available at fin I" such that u(e) > U(f)—(¢')%. Let & be the composition of ¢ with
yt at the time the gambler enters T,. Then ¢ is available at fin I';. So by Lemma
3.2,

Ui(f) 2 (@) > U(f)— () —&'—e. n

Now we proceed to define a sequence of countable gambling houses I';, I, . ..
and measurable stationary families y7°, y5, . . . inductively.

Suppose
S = {f: uye(f) > Up_1(f)—<f},
T = {f: u(y2(f)) > Up-a(f)—a}s
wf) = vf), feT,
= 8(./)) f ¢ Tk'
And suppose we have defined I's, ..., I, and y7, . . ., y2 so that for all j=2,...,k
(1) Ue 2 Uiy~
) 77(f) is available in T, if f€ S,
and
3 p(S) 2 1-@3).
Then choose y;, available in T' so that p(S,.,,)=1—%)*** and define
Feri(f) = T() if f¢ Tysy or if yie 1 (f) = 8(f),

= {yi+1(f), 8(f)} if f€ Tycyy and yy,1(f) # 8(f).
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The arguments used in the case of I'; apply to show that properties (1)~(3) are
preserved.
Now we define a house I'V by

r()= A\ T fe U T

=60 f¢U T
If fe S, for some k, then 72(f) is available in I'" and
U'(f) z u@e(f))
u(yie (f))— &
U-1(f)—ek—&
U(f)—ei—(ert+ - &)
Choose the ¢, so that 37 &, + >3 e2<e. Then since p( S,)=1,

O] KU () > U(f)—e = 1.

Notice also that I'V is a measurable house having at most 2 gambles available at
any fortune. That is,

v

v v

I'(f) = {«(f), 80}

where «: F — #(F) is measurable. By Dubins and Savage [6, Theorem 3.9.5, p. 61]
the measurable family y® given by

) = o(f) ifu(f) < U'(f),
= /) ifu(f) = U'(),

is a family of optimal strategies for I'". Hence u(y*(f))=U’(f) for all fin F and,
by (4), Theorem 2.3 is now proved for I' a countable house.

5. Every measurable house is almost dominated by a countable house. If I' and
I are gambling houses on the same space of fortunes F and I'(f)2I'(f) for all f
in F, then I" is a subhouse of T' [6, p. 123].

The main result of this section is

THEOREM 1. Let T' be a leavable, measurable house defined on F and let p be a
probability measure on %(F). Then there is a countable subhouse T" of T such that
U’'=U p-almost certainly, where U’ and U are the optimal return functions of T"
and T respectively.

The proof of Theorem 1 will be given in four lemmas. Theorem 1 and my proof
of it are analogous to Theorem 2 of [2].

Throughout this section I' is assumed to be leavable and measurable.

A measurable family of strategies G is a map from F to measurable strategies
such that the composition f— p(6(f)) is measurable from F to #(H).
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LEMMA 1. Let p € P(F), n be a positive integer, and ¢ >0. Then there is available
in T' a measurable family of strategies & such that

p{f - u@(f)n) > Un(f)—¢} = 1.

Proof. Same as that of the inductive step in Theorem 2.2. [}
The next lemma generalizes slightly the first half of the lemma in [2].

LEMMA 2. Let X and Y be Borel sets, v a bounded Borel function from X x Y to
the reals, and q a regular conditional distribution on Y given X. Then there is a
Borel function g from X to Y such that

) ol ¢(0) 2 [o(x, ) da(y}%)

for all x in X.
If T is a Borel subset of X x Y, p is a probability measure on the Borel subsets of
X, and p{x : q(T',|x)=1}=1, then g can be chosen to have the additional property

@ pix:gx)el} =1

Proof. The first half of the lemma is the same as in [2]. So assume g satisfies (1).
Let

S = {052) 0(x2) 2 [olx, ) da(r1x).

Then ¢g(S, N I',|x)>0 if x ¢ B where Be #(X) and p(B)=0. By Theorem 2 of
[4], there is a measurable map g: X~B— Y such that g(x)e S, N T, for all
x € X~ B. Define g(x)=g(x) if x € B. Then g satisfies (1) and (2). I}

LeEMMA 3. Let 6 be a measurable family of strategies available in T'. If u is any
bounded, Borel map from F to the reals, and p € P(F), then there is a measurable
Sfunction y: F — P(F) such that y(f) € T'(f) for all f and

f u(fy) do(fol f) dp(f) < f u(fy) dyFo fo-1) d6(fo-11f) d(f)

where &(f,|f) is the marginal distribution of f,, under 5(f).

The intuitive meaning of the lemma is that a gambler with fortune f, who gambles
for n-days using the strategy 5(f) and is paid u(f,), can expect to do as well by
using (f) for the first n—1 days and then using a gamble y(f,-,) which depends
only on his fortune at the (n— 1)th day.

Proof. Let Q be that probability on Fx H whose marginal distribution on F
is p and whose conditional distribution on H given f'is p(6(f)). Consider

6(/)»-1(.[1’ . wfn—l)
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as a random variable mapping F" to #(F). Let q be a version of its conditional
QO-distribution given f,_,, and let u denote the Q-marginal distribution of f,_;.
Then

fu(fn) ds(f,l ) dp(f) = f u(fs) dy(fa) dq(y| fu-1) dp(fu-1)-

Define v(f, y)=uv(y)= | u(f,) dy(f,). By Lemma 2 there is a measurable map 7
from F to #(F) such that

oWHf) 2 f o(y) dgy|f) for all £,

and

S 7(f)e()} = 1.
The desired function y is then given by
W) =) if y(f)eT(f),
=8(f) ify(f)¢T(). u

A family of strategies 7 is said to be Markov if there is a sequence yq, 1, ... of
gamble-valued functions on F such that, for each fin F and every partial history

(f1sfas - - -5 So)s
7o = vo(f)y  7(N)af1s -+ -5 S2) = va(fo)-

 is measurable if the y, can be taken to be measurable functions from F to Z(F).

LEMMA 4. Let p € P(F), n be a positive integer, and > 0. There is available in T
a measurable Markov family of strategies v such that

©)] P u@(f),n) 2 Ul(f)—e} 2 1--

Proof. Choose a measurable family of strategies ¢ by Lemma 1 so that

pifu@E(f),m) 2 Un(f)—<% = 1.

Apply Lemma 3 n-times to construct measurable maps v, ..., y,-1 of F to
P(F) so that

j u@ (), ) dp(f) 2 j u@(f), n) dp(f)

if 7 is any Markov family whose first # functions are the y,. Then

[, m dotr) 2 (V1) dpir) -2,

which implies (3). i}
To complete the proof of Theorem 1, choose measurable Markov families
$1, P35 - . . such that

P u@(f),m) 2 Un(f)—1/n} 2 1-1/n
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for n=1,2,.... Then let I'' be any countable subhouse of I' in which the ¥, are
available.
Theorem 2.3 now follows from Theorem 1 and the result of §4.
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